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In the present paper, a characteristic distribution of the nematic embryos of SCB (4'-n-pentyl-4-cy-
anobiphenyls) is found to possess a statistically self-similar structure at the nematic-isotropic critical
point. Three different measures, i.¢., the covering measure, the entropy and the pair-correlation function
between the embryos are evaluated to determine the fractal dimensionality. From the numerical pro-
cessing, the fractal dimension D of the embryos floating in the isotropic sea, is evaluated as D =
1.85 — 1.88, almost over 1 decade in scaling of space, cvidently different from 2 for the randomly
distributing, or spatially homogeneous case.
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1. INTRODUCTION

Since Mandelbrot founded a new modern geometry, i.e., fractals,! considerable
attentions have been directed towards its comprehensive applicability to many
scientific and engineering problems.!~* Especially, a generalization of the physical
model for a fractional dimensionality of space is considered to be one of their
attractive subjects. From such an apsect, recently, the critical phenomena on seif-
similar fratal lattices have been theoretically studied in connection with the re-
normalization- groups.*-¢ Especially it seems to be worthwhile to elucidate an
inherent relationship between the fractal dimensionality D and the critical expo-
nents in such model system.

The phase transitions of liquid crystals have been so far extensively investigated
by many workers mainly based on the mean field approaches.”~® In such a me-
sogenic specimen one may see the intense light scattering near a clearing point
because of the spatially distributing embryos, whose radii are comparable with the
optical wave length, in the heterogeneous phase. Intuitively such embryos may be
expected to be randomly distributed in the sample provided that the nuclei of the
embryos are electrically neutral impurities floating in the mesogenic sea and have
no interaction between them. On the other hand, the embryos may inhomoge-
neously distribute in space if there exists a certain correlation due to, e.g., such
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an electrostatic interaction as Coulomb force between them. In connection with
this consideration, we may quote an experimental report by Nagaya et al. concerned
with a phase separation process, whose time scale is of the order of 10 sec-10 min,
in the 1:1 binary mixture of the polyethylene-terephtharate (PET) and a nematic
liquid crystalline polymer (NLCP).!2 They observed that such a mixture first ap-
pears as a thread-like network and then changes to a cluster of the NLCP droplets
with different sizes on the heating process after the temperature jump from the
nematic phase to the isotropic one. In contradiction to the conclusion by Hasegawa
et al.,*® they concluded that there exists no self-similarity in the thread-like, or
network, structure in the first time regime after the temperature jump from the
nematic to the isotropic. Although they studied the spatial correlation of the net-
work structure, they did not argue the spatial distribution of the nematic droplets
of one component (NLCP) surrounded by the other component (PET). In anal-
ogous to their observation, even in a single component liquid crystal, a hetero-
geneous phase appears within very narrow temperature range of AT ~ 0.1 — 0.01°C
because such nematic-isotropic phase transitions are nearly second-order as is well-
known.”-? Nevertheless it seems to be worthwhile to investigate the spatial distri-
bution of the embryos in a single component nematic, which may be closely related
to the spatial correlation of the nuclei at the clearing point and the interaction
between embryos. As far as we are aware, however, there has been hitherto no
report on the spatial distribution of the embryos at the clearing point of nematic
liquid crystal.

From the above-mentioned respects, the present paper is addressed to a study
of the spatial distribution of the nematic embryos appearing at the nematic-isotropic
clearing point of 5CB on the cooling process. In §2 the experimental results will
be presented and analyzed to evaluate the fractal dimensionalities specifying the
spatial distribution of those nematic embryos. Finally §3 is devoted to several
discussions and conclusions in connection with the size distribution of the presently
observed embryos.

2. EXPERIMENTAL AND ANALYSIS

The nematic sample (SCB) was sandwiched between two bare glass plates separated
from each other by 50pm with mylar spacers, and set in a thermostat whose
temperature is accurately controlled within *0.1°C by a micro-computer
(PC8001mrkII:NEC) with a feed-back control circuit. Both surfaces of the glass
plates were not chemically treated at all to avoid unfavourable anchoring effects
on the nucleation of the nematic embryos. The sample was observed by an optical
microscope with crossed polarizers (Optiphoto-pol:Nikon). For the illumination of
the sample, a xenon stroboscopic flash (PS240:Sugawara) was used to obtain an
enough exposure of the photographs in a short time because the nematic-isotropic
transition of 5CB was quickly accomplished less than ~1 sec even with such a low
cooling rate as 0.01°C/min in our observations. Although the sample temperature
was well controlled of the order of AT ~ 0.01 because the samples was sandwiched
between the glass plates with a high thermal conductivity, we could not avoid the
temperature inhomogeneity in the sample less than ~0.01°C at this stage from the
structural geometry of the thermostat set to the optical microscope.

Figures 1(a)—(c) are the microscope photographs of the embryos appearing near
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the critical point (T = T, = 35.1°C) on the cooling process from the isotropic liquid
to the nematic phase. They show the same position in the sample. These embryos
are in nematic phase with the optical birefringence, whereas the dark background
is still in the isotropic phase. Therein the temperature of upper portion including
relatively smaller embryos is slightly higher than that of the lower one. Of course
such a temperature inhomogeneity in the sample is considered to be of the order
of 0.01°C comparable with the coexistence temperature range of the single com-
ponent nematics except for NLCP. We confirmed that the spatial positions of the
embryos are fixed when they increase the sizes until they fuse into each other to
make a larger droplet. It is noticeable here that these embryos are found to ex-
clusively move each other when they increase their sizes. Therefore the large two
embryos did not fuse into each other until at least one of them was captured by
the anchoring force through the bounding plate. In Figure 1(a)-(c), most of em-
bryos remained to be single as they grew up on the cooling process. At the present
stage, we could not work with the time analysis of the evolution process of the
embryos. This point will be reported in a separated paper in the near future. Since
the typical size of the largest embryo in Figure 1(a)-{c) is almost the same as the
sample thickness, those droplets may be virtually regarded as spheres floating in
the isotropic sea. Next we picked up the spatial distribution of the centres of each
embryos from Figure 1(a)—(c) by using a digitizer (MITABLET DT1000:Graphtech)
with a resolution of 100pm. The total numbers of those points in Figure 1(a)—(c)
were 941, 799, and 645 respectively. In what follows, let us evaluate the fractal
dimensionality of the spatial distribution of these 2385 embryos by means of a few
methods, using a micro-computer (PC-286VS:Epson), with the conventional least-
square curve fitting. Especially, for the size distribution of these embryos, we shall
mention in the next section.
First of all let us evaluate the capacity D, defined by31¢

_ A log{n(R)}]
D, = A {log(1/R)}’ (M

where R stands for the size of the R X R coarse-grained lattice, and n(R) is the
number of lattices which include at least one embryo in them. The plots of log{n(R)}
vs log(1/R) are given in Figure 2. From the slope of that line determined by the
least-square method, D, was evaluated as 1.86.

Next let us determine the information dimension D; defined by>1?

A I(R)
A {log(1/R)}

A[%Pi(R)log{Pi(R)}]
T T AMog(UR)} @

D, =

where I(R) denotes the entropy of the spatial distribution of the embryos, p(R) is
the probability that the points are included in the ith coarse-grained lattice of size



Downloaded by [Tomsk State University of Control Systems and Radio] at 10:17 19 February 2013

Ln{n(R)}

ON THE FRACTAL DISTRIBUTION OF EMBRYOS

el
Z
L 1 l
-4 -3 -2 ~1
Ln(1/R)

19

FIGURE 2 log{n(R)} — log(1/R) plots for the capacity, Dy. Here the solid portion, almost over one

decade, of the line corresponds to the part selected for the least-square method.
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FIGURE 3 I(R) — log(1/R) plots for the information dimension, D,. Here the solid portion, almost

over one decade, of the line corresponds to the part selected for the least-square method.
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R X R, and the summation with respect to i ranges over all lattices. From Figure
3 D, was evaluated as 1.88.
Finally we shall evaluate the correlation dimension D, defined by*1®

_ 4 _ Aloglg(}]
b, =d Aflog(1/7)}’ ®)

where g(r) « 1/r?~P2 is the pair correlation function between the embryos and
assumed to be spatially isotropic, i.e., statistically independent of the direction of
the relative position vector r between the embryos. From Figure 4 one obtains
D, = 1.86 in agreement with the aforementioned dimensionalities. At this stage,
it may be noticeable here to examine the isotropy of the spatial correlation between
the embryos. For this sake, let us first derive two dimensional correlation function
g(r) making use of the spectral density Sy(«) in the following manner,

g(r) = ®x)d(r + x))

= éfddx 3(x)d(r + x)

é f du exp(2miu-r) Sg(u), @

AP, )

Sy(u)

| 1 1

-6 -5 -3 -2

-4
Ln(1/r)
FIGURE 4 log{g(r)} — log(1/r) plots for the correlation dimension, D,. Here the solid portion, almost
over one decade, of the line corresponds to the part selected for the least-square method.
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FIGURE 5 The two dimensional correlation function g(X,Y) derived from Equations (4) and (6) to
determine the correlation dimension and to confirm the isotropic correlation between the embryos.

Alu) = f d% exp(—2miu-x)d(x), (6)

where A(u) is the Fourier transform of d(x), 2wu is the spatial wave vector, we
replaced the ensemble average by the spatial one assuming the ergodicity with
respect to the correlation function, S is the total area of the sample, and the
occupation-function 8(r) is defined as

3(r) ——[

The conventional fast Fourier transform (FFT) program (128 x 128) was utilised
to perform Equations (4) and (6) for the data of Figure 1(a) and (b). The resultant
correlation function g(r) = g(X,Y) is depicted in Figure 5, where the X axis
corresponds to the horizontal direction in Figure 1(a)-(c), whereas the Y axis does
to the vertical one. From g(X,0) and g(0,Y) shown in Figure 6(a) and (b), re-
spectively, D, were evaluated as 1.87 and 1.85, respectively.

Summarising the above-mentioned results in Table I, the presently found fractal
structure of the embryos at the critical point of SCB may be specified by D =
1.85-1.88.

Evaluating the fractal dimensionality for the randomly distributed 2000 points
distributing in the same area as Figure 1(a)—(c), we confirmed that D = 1.95-1.99
almost equal to the Euclidean dimension d = 2.

1 (if there exists an embryo at r)
0 (otherwise).

™)

|/
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FIGURE 6 (a) log{g(X,0)} — log(1/X) and (b) log{g(0,Y)} — log(1/Y) plots corresponding to Figure
5.
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Table I Fractal Dimensionalities for the nematic embryos

Capacity Entropy Correlation 2-dim Correlation
using FFT(128x128)
n(R) I(R) g(r) g(Xx,0) g(0,Y)
1.86 1.88 1.86 1.87 1.85

3. DISCUSSION AND CONCLUSION

In the present paper, we have investigated the spatial distribution of the nematic
embryos at the nematic-isotropic clearing point. From the present analyses, the
structure of the nematic embryos was found to be a statistically self-similar fractai
characterised by D = 1.85-1.88. This value just resembles that of the percolation
clusters at the critical point reported by Peter ef al.,'' and is higher than 1.7
previously found in smectic focal domains.® This fact that the dimensionality D is
significantly less than 2 (cf. Table I.) implies that the nuclei of the embryos floating
in the isotropic phase are not independent of one another but certainly correlated
probably through an electrostatic interaction as « ~1/*4 according to the previous
argument.'® Obviously if they were generated independently in two dimensional
space, the fractal dimensionality of the spatial distribution also has to lead to 2 as
seen in the Brownian motion.!>? In other words, there may exist a certain interaction
between the nuclei of the embryos in order that D is significantly less than 2 as
was previously mentioned.

To conclude this study, let us mention below the size distribution of the presently
found spherical embryos. For this sake, we first evaluated the probability density
function p(a) which is a measure of the number of embryos with the radii over
a ~a + Aa. To examine whether the probability density function p(a) follows
such a scaling law as p(a) « 1/a”*! or not, let us introduce the probability function
P(a) defined by?

P(a) = J-: da* p(a*). 8)

From log{P(a)} vs log(1/a) plots presented in Figure 7, one may sce that P(a) does
not follow such a scaling law as P(a) « 1/aP in 1 decade of a.!* Hence one may
conclude that there exists no relation between the size distribution and the spatial
distribution for the presently found embryos in contrast to the case of the closely
packed Apolionian disks.!

Alternatively let us attempt to interpret the functional form of p(a) through the
following argument. Here let o be the interfacial energy per unit area between the
nematic and the isotropic phases. Therefore, denoting the free energy densities in
the isotropic and nematic phases as F; and Fy, respectively, and ignoring the elastic
energy due to the director field in the spherical embryo because of the low ori-
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FIGURE 7 log{P(a)} — log(1/a) plots for the size distribution. Here P(a) is the probability of the
embryos whose radii are larger than a. If the size distribution follows such a power law as P(a) «
1/aP, the slope of these plots will give the fractal dimension.

entational order of molecules, the nucleation energy of a single nematic embryo
with the radius a in the isotropic phase, ®(a), can be now written as

®(a) = %%3 (Fy — F) + 4ma’c. (9)

Then, near the clearing point, the first term in the right-hand side may be discarded
in comparison with the second term contribution. Hence it is natural to expect that
p(a) follows the following Gaussian distribution function,

p(a) = exp(—D(a)k5T.) (10)

~ exp(—4mao/kgT,),

where kg is the Boltzmann constant. To show the validity of the present argument,
log{p(a)} vs a* plots are given in Figure 8. Comparing it with Figure 7, it is plausible
to say that p(a) follows the Gaussian distribution rather than the power law as
1/aP+i,

As a future problem, it seems to be significant to investigate systematically
universality of the fractal dimension of the embryos at critical points for several
kinds of liquid crystalline materials as well as the previously noted time evolution
process of the embryos.
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FIGURE 8 log{p(a)} — a? plots for the size distribution. Here p(a) is the probability density function
of the embryos whose radii correspond to a ~ a + Aa.
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